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Optimal e-value testing for properly constrained hypotheses



Setting

⋆ Z ⊆ Rd

⋆ PZ : Borel probability measures on Z
⋆ H ⊆ PZ a hypothesis

⋆ EH =
{
E ≥ 0 Borel : EP [E] ≤ 1 , ∀P ∈ H

}

EH is the set of all the e-variables for H.
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What are the best e-variables?

Several notions of optimality in the literature...

⋆ Growth Rate Optimality
Grünwald, de Heide, Koolen, Safe testing (2019)

⋆ Numéraire
Larsson, Ramdas, Ruf, The numeraire e-variable and reverse information projection (2024)

⋆ Admissibility
Ramdas, Ruf, Larsson, Koolen, Admissible anytime-valid sequential inference must rely on nonnegative martingales
(2020)

We’ll consider a slightly weaker notion, very close to admissibility.
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Motivation (?)

P a probability distribution on [−1, 1], (xt)t≥1 independent draws from P .
Goal: test if EP [X] = 0.

Coin-better’s test

At each round t:

⋆ Pick λt ∈ [−1, 1] using past information

⋆ Evaluate Wt =
∏t

i=1(1 + λtxt)

⋆ Reject and stop if Wt > 1/δ

x 7→ 1+ λx is an e-variable and this is a test via (single-round) e-variables!

Are we missing something restricting to coin-betting e-variables?
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Majorising classes

Poset structure:

⋆ E ≥ E′ if E(z) ≥ E′(z) for all z ∈ Z
⋆ E is maximal if there is no E′ ∈ EH such that E′ > E

E ⊆ EH is a majorising class if ∀E ∈ EH there is E′ ∈ E such that E′ ≥ E

Picking e-variables outside of a majorising class is pointless!
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Is there a smallest majorising class?

A majorising class contained in any other majorising class is optimal

Optimal classes do not always exist!

Lemma

An optimal class exists iff Emax = {E ∈ EH : E is maximal} is majorising.
In such case, the optimal class is unique and coincides with Emax .

Checking if Eopt exists comes down to check if every e-variable is
dominated by a maximal e-variable!
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When does the optimal class exist?

Characterising the hypotheses for which the optimal class exists is open

Some partial results...

⋆ Eopt exists if Z is countable

⋆ If Z is uncountable Eopt might not exist:
e.g.: Z = [0, 1], H = {P : P ({0}) ≥ 1/2} ∪ {Unif [0,1]}, ∄Eopt

⋆ Eopt exists when H is defined through finitely many linear constraints
e.g.: Z = [−1, 1], H = {P : EP [Z] = 0}
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Testing for the mean

Z ⊆ Rd compact
0 ∈ int convZ
H = {P : EP [Z] = 0}

Proposition

Eopt exists and is given by

Eopt = {Eλ ≥ 0} , Eλ(z) = 1 + λ · z
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Proof (maximality)

Each e-variable in the form Eλ : x 7→ 1 + λ · x is maximal:

⋆ Fix an e-variable E ≥ Eλ and an arbitrary x

⋆ There is Px ∈ H such that Px({x}) > 0

⋆ EPx [Eλ] = 1

⋆ 0 ≤ Px({x})(E(x)− Eλ(x)) ≤ EPx [E − Eλ] = EPx [E]− 1 ≤ 0

⋆ So, E = Eλ!
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Proof (majorising property)

E

X

Fix an e-variable E.
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Proof (majorising property)

E

X

(0,1) ∃Eλ ≥ E ?

Fix an e-variable E. We want to show that E is dominated by some Eλ.
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Proof (majorising property)

E

X

(0,1) ∃Eλ ≥ E ?

Fix an e-variable E. We want to show that E is dominated by some Eλ.

Strategy

We show that the hypograph of E lies entirely in a half-space bounded by
a hyperplane passing through (0, 1).
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Proof (majorising property)

E

X

(0,1) ∃Eλ ≥ E ?

Fix an e-variable E. We want to show that E is dominated by some Eλ.

Strategy

We show that the hypograph of E lies entirely in a half-space bounded by
a hyperplane passing through (0, 1).

We show that (0, 1) is above the convex hull of the hypograph of E.
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Proof (majorising property)

E

X

(0,a)

Let (0, a) be in the convex hull of the hypograph.
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Proof (majorising property)

E

X

(0,a)

(x2,y2)

(x1,y1)

Let (0, a) be in the convex hull of the hypograph.
There are x1, . . . , xN , y1, . . . , yN , α1, . . . , αN such that:
1)

∑
i αi = 1 and αi ≥ 0;

2)
∑

i αixi = 0;
3)

∑
i αiyi = a;

4) each (xi, yi) is in the hypograph.
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Proof (majorising property)

E

X

(0,a)

(x2,y2)

(x1,y1)

(x2,E(x2))

(x1,E(x1))

(0,A)

By construction yi ≤ E(xi), and P =
∑

i αiδxi ∈ H.

a ≤ A =
∑
i

αiE(xi) = EP [E] ≤ 1 .
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Proof (majorising property)

E

X

(0,a)

(0,A)

(0,1) ∃Eλ ≥ E !

By construction yi ≤ E(xi), and P =
∑

i αiδxi ∈ H.

a ≤ A =
∑
i

αiE(xi) = EP [E] ≤ 1 .

So, (0, 1) lies on the boundary or above the convex hull!
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Testing for the conditional mean

Z = [−1, 1]T

H = {P : EP [Zt |Z1, . . . , Zt−1] = 0 , ∀t = 1 . . . T}

Proposition

Eopt exists and is given by

Eopt = {Eλ1,...,λT
≥ 0} , Eλ1,...,λT

(z1, . . . zT ) =

T∏
t=1

(
1+λt(z1 . . . zt−1) zt

)
λ1 ∈ [−1, 1], λt : [−1, 1]t−1 → [−1, 1] Borel
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Proof’s sketch (T = 2)

H1 = {Q on [−1, 1] : EQ[X] = 0}
H2 = {P on [−1, 1]2 : EP [X] = 0 , EP [Y |X] = 0}

Goal: the optimal e-variables for H2 are (1 + λ1x)(1 + λ2(x)y)

Majorising property: Fix an e-variable E for H2.

Step 1: Show that ∀E ∈ EH2 , ∃λ1 ∈ [−1, 1] : ∀x ∈ [−1, 1], ∀Q ∈ H1

EQ[E(x, Y )] ≤ 1 + λ1x

Idea: Same argument as before, applied to convex hull Γ of the union (for
all Q) of the hypographs of EQ[E(x, Y )]. For (0, a) in Γ we find
y1, . . . , yn, α1, . . . , αn, and Q1, . . . , Qn such that

∑
i αiyi = 0 and

a =
∑

i αiEQi [E(x, yi)]. Since P =
∑

i αiδyi ⊗Qi ∈ H, then a ≤ 1.
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H1 = {Q on [−1, 1] : EQ[X] = 0}
H2 = {P on [−1, 1]2 : EP [X] = 0 , EP [Y |X] = 0}

Goal: the optimal e-variables for H2 are (1 + λ1x)(1 + λ2(x)y)

Majorising property: Fix an e-variable E for H2.

Step 1: ∀E ∈ EH2 , ∃λ1 ∈ [−1, 1] : ∀x ∈ [−1, 1], ∀Q ∈
H1 , EQ[E(x, Y )] ≤ 1 + λ1x

Step 2: There are λ1, λ̃2 such that E(x1, x2) ≤ (1 + λ1x)(1 + λ̃2(x)y)
Idea: Fix x. From step 1, for all Q ∈ H1, EQ[E(x, Y )]/(1 + λ1x) ≤ 1, so
y 7→ E(x, y)/(1 + λ1x) is an e-variable for H1. Step 2 follows from what
we have proved for T = 1.

Issue: x 7→ λ̃2(x) might be non-measurable!
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Proof’s sketch (T = 2)
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Goal: the optimal e-variables for H2 are (1 + λ1x)(1 + λ2(x)y)

Majorising property: Fix an e-variable E for H2.

Step 1: ∃λ1 ∈ [−1, 1] : ∀x ∈ [−1, 1], ∀Q ∈ H1 , EQ[E(x, Y )] ≤ 1 + λ1x

Step 2: ∃λ1, λ̃2 : E(x1, x2) ≤ (1 + λ1x)(1 + λ̃2(x)y)

Step 3: There is λ2 Borel such that E ≤ (1 + λ1x)(1 + λ2(x)y)
Idea: Use a functional corollary of Lusin separation theorem. From step 2

sup
y>0

1
y

(
E(x,y)
1+λ1x

− 1
)
≤ inf

y<0

1
y

(
E(x,y)
1+λ1x

− 1
)
.

The LHS is upper-semianalytic and the RHS is lower-semianalytic, so they
must be separated by a Borel function.
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Proof’s sketch (T = 2)

H1 = {Q on [−1, 1] : EQ[X] = 0}
H2 = {P on [−1, 1]2 : EP [X] = 0 , EP [Y |X] = 0}

Goal: the optimal e-variables for H2 are (1 + λ1x)(1 + λ2(x)y)

Majorising property: Fix an e-variable E for H2.

Step 1: ∃λ1 ∈ [−1, 1] : ∀x ∈ [−1, 1], ∀Q ∈ H1 , EQ[E(x, Y )] ≤ 1 + λ1x

Step 2: ∃λ1, λ̃2 : E(x1, x2) ≤ (1 + λ1x)(1 + λ̃2(x)y)

Step 3: ∃λ2 Borel : E ≤ (1 + λ1x)(1 + λ2(x)y)

So the class considered is majorising!

Maximality: Same proof we did for T = 1 works here as well.
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A few questions (from me) I can’t yet fully answer...

⋆ Conditional mean for Z = X T , X ⊆ Rd?
Everything should work similarly but there’s a measurability issue in
adapting the same proof...

⋆ H hypothesis on Z with Eopt, can we characterise the optimal class
for HT = {P on ZT such that Pt

∣∣
Zt−1 ∈ H , ∀t ≤ T}

Do we have always product of maximal e-variables in Eopt?
⋆ What can we say of optimal class of e-processes when testing the
conditional mean?
If domain is finite the maximal e-processes are Et = Eλt for a
sequence (λt)t≥1, but what if the domain is infinite?

⋆ What can we say for multi-round e-variables when testing mean and
i.i.d. assumption?
If the domain has more than 2 elements, there are more e-variables
than in the conditional case...
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Thank you!

More questions? (from you...)
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