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 University of Oxford visual identity guidelines

At the heart of our visual identity is the Oxford logo.
It should appear on everything we produce, from 
letterheads to leaflets and from online banners to 
bookmarks.

The primary quadrangle logo consists of an Oxford blue 
(Pantone 282) square with the words UNIVERSITY OF 
OXFORD at the foot and the belted crest in the top 
right-hand corner reversed out in white.

The word OXFORD is a specially drawn typeface while all 
other text elements use the typeface Foundry Sterling.

The secondary version of the Oxford logo, the horizontal 
rectangle logo, is only to be used where height (vertical 
space) is restricted.

These standard versions of the Oxford logo are intended 
for use on white or light-coloured backgrounds, including 
light uncomplicated photographic backgrounds.

Examples of how these logos should be used for various 
applications appear in the following pages.

NOTE
The minimum size for the quadrangle logo and the 
rectangle logo is 24mm wide. Smaller versions with 
bolder elements are available for use down to 15mm 
wide. See page 7.
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This is the square 
logo of first 
choice or primary 
Oxford logo.

The rectangular 
secondary Oxford 
logo is for use only 
where height is 
restricted.
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Support Vector Machines (SVMs)

• Support vector machines (SVMs) are a class of linear models

for classification1

• The principle behind them is to a find a hyperplane that

maximizes the margin of separation between points of

different classes, while minimizing the number of points

misclassified

• Their empirical risk minimization formulation satisfies strong

duality making them easy to train

• Their real power is realized when we combine them with

nonlinear features as will explain in subsequent lectures

1Their are a few less prominent variants that are used for regression, but we will not be covering these in the

course.
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Linearly Separable Points

Consider classifying two clouds of points that can be perfectly

separated by a linear hyperplane

yi = +1

yi = −1

Data: D = {xi, yi}ni=1, xi ∈ Rp, yi ∈ {−1,+1}
Predictive model: ŷ(x) = sign(w · x+ b)

What is the best choice of hyperplane w · x+ b = 0?
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Classifier Margin

Hyperplane Γ = {x : wTx+ b = 0}.
The margin of the hyperplane Γ is defined as twice the distance to

the closest point:

margin = 2min
i

dist(Γ, xi) = 2min
i

|xi · w + b|
∥w∥

SVMs are based on choosing the hyperplane that maximizes this

margin, so that the points are as far as possible from the decision

boundary (and thus least sensitive to changes)

Optimisation problem:

max
w,b

min
i

|xi · w|
∥w∥

under no misclassification: mini yi(w · xi + b) > 0
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Classifier Margin

1Image credit: Cathy Yeh, https://www.efavdb.com/svm-classification. Here we have assumed that

d+ = d− so that the margin is equal to the separation.
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Equivalent problem

NB: if w, b parameterise Γ, then w′ = γw and b′ = γb also

parameterises the same Γ (for any γ ̸= 0)

Trick: rescale so that mini(w · xi + bi) = 1, which also implies that

mini |w · xi + bi| = 1

Then the optimisation problem reduces to:

max
w,b

1/∥w∥

subject to min
i

yi(w · xi + b) = 1

A nicer equivalent formulation is

min
w,b

∥w∥2/2

subject to 1− yi(w · xi + b) ≤ 0 ∀i
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Strong duality

min
w,b

∥w∥2/2

subject to 1− yi(w · xi + b) ≤ 0 ∀i
This is a constrained quadratic problem that can be solved easily!

Strong duality holds, since

• ∥w∥2/2 is convex

• the constraint are affine

• the problem admits a minimiser (w⋆, b⋆)

• the existence of a separating hyperplane (a pair w, b such that

mini yi(w · xi + b) > 0) ensures that Slater’s condition holds

(rescale w, b by sufficiently large constant and the constraints

become strict).
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Maximum Margin Classifier with Errors Allowed

Points will not generally be linearly separable, so any practical

classifier needs to allow points on the wrong side of the decision

boundary or within the margin

We can relax the constraint to allow for some errors

We consider the following optimisation problem, for a fixed C > 0:

min
w,b

1

2
∥w∥2 + C

∑
i

ξi

subject to 1− yi(w · xi + b) ≤ ξi

ξi ≥ 0

This is called the C-SVM classifier!

For each fixed w, b, the smallest ξi is max(0, 1− yi(w · xi + b)).

So, this is equivalent to consider a hinge loss objective (see later).
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Role of C

• C represents how strong we are pushing the margin errors ξi

to be small

• If C is 0, then we have the trivial solution w = 0 and b ∈ R.
This is not a meaningful situation as we need to add some

penalty that forces the margin errors ξi to be small.

• As C → ∞, then we are converging to the problem where on

first optimises
∑

i ξi, then among the solutions pick w with

the smallest norm (there is usually some freedom in the choice

of b).

• If the problem is linearly separable, C → ∞ recovers the

standard SVM hyperplane, as it is possible to pick ξi = 0.

• Usually, for non separable data, a finite value of C generalises

better (solution is not dominated by few worst cases points).
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Hinge Loss

C-SVMs are effectively optimising a regularised hinge loss objective.

The hinge loss is defined as

h(α) = (1− α)+ =

1− α, α < 1

0, otherwise.

α

I(α < 0)

(1− α)+

This loss induces sparse solutions: w, b will be determined by a

small number of datapoints known as the support vectors. 9



The Regularised Hinge Loss Objective

The C-SVM optimization problem is equivalent to

min
w,b

(
1

2
∥w∥2 + C

n∑
i=1

h (yi (w · xi + b))

)
.

This can be viewed as a regularized empirical risk minimization

problem:

min
w,b

(
1

2nC
∥w∥2 + 1

n

n∑
i=1

h (yi (w · xi + b))

)
.

Here the second term is an empirical risk from our margin errors,

while the first term can be thought of as a regularizer that

encourages large margins, with scaling 1/(2nC)
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The C-SVM

2/‖w‖

w

yi = +1

yi = −1

ξ/‖w‖

min
w,b,ξ

(
1

2
∥w∥2 + C

n∑
i=1

ξi

)
s.t. ξi ≥ 0 yi (w · xi + b) ≥ 1− ξi
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Duality

Primal problem in standard form:

minimize f(w, b, ξ) :=
1

2
∥w∥2 + C

n∑
i=1

ξi

subject to gi(w, b, ξ) := 1− ξi − yi (w · xi + b) ≤ 0, i = 1, . . . , n

gn+i(w, b, ξ) := −ξi ≤ 0, i = 1, . . . , n.

As a convex optimization problem with affine constraints in w, b, ξ,

strong duality holds (noting that it is trivial to see that a feasible

solution will exist).

Note that there are no equality constraints, but it will be

convenient to use separate notion for the Lagrange multiplier of

the two sets of equality constraints
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The Lagrangian

The Lagrangian (with Lagrange multiplier α and λ)

L(w, b, ξ, α, λ) =
1

2
∥w∥2 + C

n∑
i=1

ξi

+

n∑
i=1

αi (1− ξi − yi (w · xi + b)) +

n∑
i=1

λi(−ξi)

=
1

2
∥w∥2 − w ·

n∑
i=1

αiyixi − b

n∑
i=1

αiyi +

n∑
i=1

ξi(C − λi − αi) +

n∑
i=1

αi

with dual variable constraints

αi ≥ 0, λi ≥ 0.

Minimize wrt the primal variables w, b, and ξ.
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Stationary Points of the Lagrangian

L =
1

2
∥w∥2−w ·

n∑
i=1

αiyixi−b

n∑
i=1

αiyi+

n∑
i=1

ξi(C−λi−αi)+

n∑
i=1

αi

Derivative wrt w:

∂L

∂w
= w −

n∑
i=1

αiyixi = 0 ⇒ w =

n∑
i=1

αiyixi

Derivative wrt b:

∂L

∂b
= −

n∑
i=1

yiαi = 0 ⇒
n∑

i=1

yiαi = 0

Derivative wrt ξi:

∂L

∂ξi
= C − αi − λi = 0 ⇒ αi = C − λi

Since λi ≥ 0,

αi ≤ C
14



Dual Feasible Space

Here the derivatives with respect to b and ξi have led to

expressions that are independent of the primal variables:∑
i yiαi = 0 and αi = C − λi

These essentially form equality constraints for the dual variables to

be feasible: if they do not hold,

ϕ(α, λ) = inf
w,b,ξ

L(w, b, ξ, α, λ) = −∞ ,

where we recall that infw,b,ξ is unconstrained (i.e., ξi can take

negative values here, as making the problem unconstrained is the

whole point of the dual formulation!)

So, when maximising ϕ over α and λ (which only asks αi ≥ 0 and

λi ≥ 0), we can impose the constraints
∑

i yiαi = 0 and

αi = C − λi (as these only remove points where ϕ = −∞!).
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Dual Problem

The original dual problem: maxα,λ ϕ(α, λ) under αi ≥ 0, λi ≥ 0

If
∑

i αiyi ̸= 0 or αi ̸= C−λi, then ϕ(α, λ) = −∞. So, in the dual

problem we can add the constraints
∑

i αiyi = 0 and αi = C − λi.

ϕ(α, λ) = inf
w,b,ξ

(
1

2
∥w∥2 − w ·

n∑
i=1

αiyixi − b

n∑
i=1

αiyi︸ ︷︷ ︸
=0 by constr

+

n∑
i=1

ξi(C − λi − αi)︸ ︷︷ ︸
=0 by constr

+

n∑
i=1

αi

)

= inf
w

(
1

2
∥w∥2 − w ·

n∑
i=1

αiyixi +

n∑
i=1

αi

)

=

n∑
i=1

αi −
1

2

n∑
i=1

n∑
j=1

αiαjyiyjxi · xj ,

achieved by w =
∑

i αiyixi. 16



SVM Training: Maximize the Dual Function

By strong duality we can now optimize the primal problem by

solving the quadratic dual program (variety of efficient methods)

max
α,λ

n∑
i=1

αi −
1

2

n∑
i=1

n∑
j=1

αiαjyiyjxi · xj ,

subject to 0 ≤ αi ≤ C,

n∑
i=1

yiαi = 0, λi = C − αi

When solving, we can ignore λ, solve for α and then set λ = C −α

We can then derive the variables for our hyperplane by taking

w =

n∑
i=1

αiyixi, b = yimargin − w · ximargin

where imargin is i such that 0 < αi < C (they bring the same b).2

2If no such i exists, there is still a non-empty interval of values for b such that the active constraints are satisfied.

Any such b is acceptable, as all of them optimise the primal problem. 17



The Support Vectors

Using complementary slackness and remembering αi is the

Lagrange multiplier for the constraint 1− ξi − yi (w · xi + b) ≤ 0,

we can show that all datapoints fall into one of the following:

Non-SVs (SV = support vector): αi = 0

1. From αi = C − λi, λi > 0, hence ξi = 0 (as λiξi = 0).

2. Thus yi (w · xi + b) > 1: on the correct side of the margin

Margin SVs: 0 < αi < C

1. We immediately have yi (w · xi + b) = 1− ξi.

2. Again as αi = C − λi, we have λi > 0, hence ξi = 0, and

yi (w · xi + b) = 1: on the margin boundary

Non-margin SVs (margin errors): αi = C > 0

1. We again have yi (w · xi + b) = 1− ξi.

2. From αi = C − λi, we now have λi = 0, so ξi ≥ 0,

yi (w · xi + b) < 1: margin error 18



The Support Vectors

∥w∥

∥w∥

∥w∥

Margin SVs: x1, x2, non-margin SVs: x3, x4, x5, non-SVs: x>5

2Image adapted from Hung Minh Le, Toan Dinh Tran, and
LANG Van Tran. “Automatic heart disease prediction using
feature selection and data mining technique”. In: Journal of
Computer Science and Cybernetics (2018).
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Insights from Form of Solution

Our solution for w is a linear sum of the datapoints

w =

n∑
i=1

αiyixi

• The solution is sparse: points which are neither on the margin

nor “margin errors” have αi = 0

• The support vectors are points where αi ̸= 0: only points on

the decision boundary, or which are margin errors, contribute.

• As αi ≥ 0, points of class yi = +1 have positive coefficients

and points with yi = −1 have negative coefficients

• Influence of any single datapoint is bounded, since the weights

cannot exceed C.

• Even if p > n, w ∈ span {xi : i = 1, . . . , n} (i.e. w lives in the

subspace spanned by the datapoints).
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Multi-Class Classification

• SVMs do not directly generalize to multi-class classification

because they are based on learning a single hyperplane

• They can still be applied to multi-class classification problems

by reducing them into a series of binary classification problems

• For example, given K classes we can perform a

one-versus-the-rest binary classification for each k ∈ K,

yielding wk and bk, and then classify according to

ŷ(x) = argmax
k

wk · x+ bk

• Alternatively, we can also perform K(K − 1)

one–versus–one classifications for each pair of classes and

then use a max–wins voting strategy to choose the class

21



Recap

• SVMs are a class of linear classification models that find the

hyperplane that maximizes the margin of separation between

the classes while trying to avoid misclassifications

• They use a convex hinge loss that produces sparse solutions

• We find the optimal hyperplane by solving

max
α

n∑
i=1

αi −
1

2

n∑
i,j=1

αiαjyiyjxi · xj s.t.


∑n

i=1 αiyi = 0

0 ⪯ α ⪯ C

and taking w =
∑n

i=1 αiyixi, b = yimargin − w · ximargin

• The resulting hyperplane is defined through the support

vectors: the xi for which αi > 0

• 0 < αi < C indicates a datapoint on the margin and αi = C

indicates a point the wrong side of the margin
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Further Reading

• Youtube video with some nice visualizations and discussions

on using features:

https://www.youtube.com/watch?v=efR1C6CvhmE

• Sections 12.1 to 12.3 of Trevor Hastie, Robert Tibshirani, and

Jerome Friedman. The elements of statistical learning:

data mining, inference, and prediction. Springer Science &

Business Media, 2009 (https://web.stanford.edu/~hastie/ElemStatLearn/)
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